THE KREIN-VON NEUMANN EXTENSION AND ITS 
CONNECTION TO AN ABSTRACT BUCKLING PROBLEM 



MARK S. ASHBAUGH, FRITZ GESZTESY, MARIUS MITREA, ROMAN SHTERENBERG, 

AND GERALD TESCHL 

Dedicated to the memory of Erhard Schmidt (1876-1959) . 

Abstract. We prove the unitary equivalence of the inverse of the Krein— von 
Neumann extension (on the orthogonal complement of its kernel) of a densely 
defined, closed, strictly positive operator, S > el'n for some e > in a Hilbert 
space 'H to an abstract buckling problem operator. 

In the concrete case where S = —H\qcx,^q-^ in L'^ {Q.; x) for Q. C K" an 
open, bounded (and sufficiently regular) domain, this recovers, as a particular 
case of a general result duo to G. Grubb, that the eigenvalue problem for the 
Krein Laplacian Sk (i-e., the Krein— von Neumann extension of S), 

Skv = Xv, a ^ 0, 

is in one-to-one correspondence with the problem of the buckling of a clamped 
plate, 

{-A)'^u = X{-A)u in n, A 7^0, ueH§{n), 
where u and v are related via the pair of formulas 

u = Sp^{-A)v, v = X-^{-A)u, 

with Sp the Friedrichs extension of S. 

This establishes the Krein extension as a natural object in elasticity theory 
(in analogy to the Friedrichs extension, which found natural applications in 
quantum mechanics, elasticity, etc.). 



1. Introduction 

Suppose that 5' is a densely defined, symmetric, closed operator with nonzero 
deficiency indices in a separable complex Hilbert space H that satisfies 

-5* > ein for some e > 0, (1.1) 

and denote by Sk and Sp the Krein-von Neumann and Friedrichs extensions of S, 
respectively (with I-^ the identity operator in H). 

Then an abstract version of Proposition 1 in Grubb [22 , describing an intimate 
connection between the nonzero eigenvalues of the Krein-von Neumann extension 
of an appropriate minimal elliptic differential operator of order 2m, to G N, and 
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nonzero eigenvalues of a suitable higher-order buckling problem (cf. Example 13. 5p . 
to be proved in Lemma [33] can be summarized as follows: 

There exists ^ v e dom(S'i<-) satisfying Skv — Aw, A 7^ 0, (1.2) 
if and only if 

there exists a 7^ w G dom(S'*S') such that S*Su — XSu, (1-3) 

and the solutions v of ()1.2|) are in one-to-one correspondence with the solutions u 
of (|1.3|) given by the pair of formulas 

u^iSpy^SKV, v = \-^Su. (1.4) 

Next, we will go a step further and describe a unitary equivalence result going 
beyond the connection between the eigenvalue problems (ll.2p and (|1.3p : Given S, 
we introduce the following sesquilinear forms in Ti, 

a{u,v) — {Su, Sv)n, u, ti G dom(a) = dom(S'), (1-5) 

b{u,v) = {u, Sv)-^, u, f e dom(6) — dom(S'). (1-6) 

Then S being densely defined and closed, implies that the sesquilinear form a is 
also densely defined and closed, and thus one can introduce the Hilbert space 

W-(dom(5),(.,.)w) (1.7) 

with associated scalar product 

{u,v)v\! = a{u,v) = {Su, Sv)-)^, m, wGdom(S'). (1-8) 

Suppressing for simplicity the continuous embedding operator of W into "H, we now 
introduce the following operator T in W by 

{wi,Tw2)w ^ a{wi,Tw2) ^b{wi,W2) ^ {wi,Sw2)n, wi,W2GW. (1.9) 

One can prove that T is self-adjoint, nonnegative, and bounded and we will call 
T the abstract buckling problem operator associated with the Krein~von Neumann 
extension Sk of S. 

Next, introducing the Hilbert space % by 

n = [kcr(5*)]^ = [/„ - Pkcr(5.)]H = [In - iicr(s^)]-W = [kcr(5A')]^, (1-10) 

where Pm denotes the orthogonal projection onto the subspace M d H, we intro- 
duce the operator 

5 (LID 

and note that S E B{W, H) maps W unitarily onto H. 

Finally, defining the reduced Krein-von Neumann operator Sk in H by 

Sk SK\[-kci{SK)]^ in 7^, (1-12) 
we can state the principal unitary equivalence result to be proved in Theorem [331 
The inverse of the reduced Krein-von Neumann operator Sk in H and the ab- 
stract buckling problem operator T in W are unitarily equivalent, 

{SKy' =ST{S)-\ (1.13) 

In addition, 

{SKy' ^Us[\S\-'S\S\-']{Us)-\ (1.14) 
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Here we used the polar decomposition of S, 

S = Us\S\, with IS"! = (S'*S')i/2 > gj^^ g > 0, and Us G B{n,'H) unitary, 

(1.15) 

and one observes that the operator \S\ ^S\S\ ^ G B{H) in (|1.14p is self-adjoint in 
H. 

As discussed at the end of Section [3l one can readily rewrite the abstract linear 
pencil buckling eigenvalue problem ()1.3|) . S*Su = XSu, A 7^ 0, in the form of the 
standard eigenvalue problem |S'|^^S'|5|^^w = X^^w, X 0, w — \S\u, and hence 
establish the connection between (|L^ . (lO)) and (ITTn)) . PTTI)) . 

As mentioned in the abstract, the concrete case where S is given by S* = 
—A\cg°{n) in then yields the spectral equivalence between the inverse 

of the reduced Krein-von Neumann extension Sk of S and the problem of the 
buckling of a clamped plate. More generally, Grubb [H] actually treated the case 
where S is generated by an appropriate elliptic differential expression of order 2m, 
m G N, and also introduced the higher-order analog of the buckling problem; we 
briefly summarize this in Example 13.51 

2. The Abstract Krein-von Neumann Extension 

To get started, we briefly elaborate on the notational conventions used through- 
out this paper and especially throughout this section which collects abstract mate- 
rial on the Krein-von Neumann extension. Let H be a separable complex Hilbert 
space, {■,-)-H the scalar product in H (linear in the second factor), and I-^ the 
identity operator in Ti. Next, let T be a linear operator mapping (a subspace of) a 
Banach space into another, with dom(r), ran(T), and ker(T) denoting the domain, 
range, and kernel (i.e., null space) of T. The closure of a closable operator S is 
denoted by S. The spectrum, essential spectrum, discrete spectrum, and resolvent 
set of a closed linear operator in H will be denoted by cr(-), cross(')' '^di'), and p{-), 
respectively. The Banach spaces of bounded and compact linear operators in TL 
are denoted by B{'H) and Booi'H), respectively. Similarly, the Schatten-von Neu- 
mann (trace) ideals will subsequently be denoted by Bp{H), p G (0, 00). Analogous 
notation B{'Hi,'H2), 600(^1,^2), etc., wiU be used for bounded, compact, etc., 
operators between two Hilbert spaces Hi and 7^2- Whenever applicable, we retain 
the same type of notation in the context of Banach spaces. Moreover, Xi ^ X2 
denotes the continuous embedding of the Banach space Xi into the Banach space 
^2. Xi + X2 denotes the (not necessarily orthogonal) direct sum of the subspaces 
Xi and X2 oi X. 

A linear operator S : doni(S') C H — >■ H, is called symmetric, if 

{u,Sv)-H ^ {Su,v)-H, M, uGdom(S'). (2.1) 

In this manuscript we will be particularly interested in this question within the 
class of densely defined (i.e., dom(S') = Ti), non-negative operators (in fact, in 
most instances S will even turn out to be strictly positive) and we focus almost 
exclusively on self-adjoint extensions that are non-negative operators. In the latter 
scenario, there are two distinguished constructions which we review briefly next. 

To set the stage, we recall that a linear operator S : dom(S') C H — > H is called 
non-negative provided 

{u,Su)-H>0, MGdom(5). (2.2) 
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(In particular, S is symmetric in this case.) S is called strictly positive, if for some 
e > 0, {u, Su)-H > u G dom(S'). Next, we recall that A < B for two 

self-adjoint operators in H if 

dom(|^|i/2) D dom(|B|i/2^ and 

{\A\'/'u,Ua\A\'/'u)^ < {\B\'/^u,UB\B\y'u)^, ^edom(|i3|V2). ^^'^^ 

Here Uc denotes the partial isometry in H in the polar decomposition C = C/c|C'|, 
|C| = (C*C)i/2, of a densely defined closed operator C in n. (If C is in addition 
self-adjoint, then |C| and Uc commute.) We also recall that for ^ > self-adjoint, 

ker(A) = ker (A^/^) (2.4) 

(with _D^/^ denoting the unique nonnegative square root of a nonnegative self- 
adjoint operator D in H). 

For simplicity we will always adhere to the conventions that S* is a linear, un- 
bounded, densely defined, nonnegative (i.e., S > 0) operator in and that S has 
nonzero deficiency indices. Since S is bounded from below, the latter are necessarily 
equal. In particular, 

def (5*) = dim(ker(S'* - z/«)) G N U {oo}, z e C\[0, oo), (2.5) 

is well-known to be independent of z. Moreover, since S and its closure S have the 
same self-adjoint extensions in T-L, we will without loss of generality assume that 5* 
is closed in the remainder of this paper. 

The following is a fundamental result to be found in M. Krein's celebrated 1947 
paper (cf. also Theorems 2 and 5-7 in the English summary on page 492)0: 

Theorem 2.1. Assume that S is a densely defined, closed, nonnegative operator 
in %. Then, among all non-negative self- adjoint extensions of S, there exist two 
distinguished ones, Sk o-nd Sp, which are, respectively, the smallest and largest {in 
the sense of order between self-adjoint operators, cf. (12.31) ) such extension. Further- 
more, a non-negative self-adjoint operator S is a self-adjoint extension of S if and 
only if S satisfies 

Sk <S < Sf- (2.6) 
In particular, (j2.6p determines Sk o-nd Sp uniquely. 

In addition, if S > el-u for some e > 0, one has Sp > ^lu: o.i^d 

dom(5i.) = dom(5) + [SfY^ ker(5*), (2.7) 

dom(S'K) = dom(5) + ker(S'*), (2.8) 
dom(5*) = dom(5) + {SfY^ ker(S'*) + ker(S'*) 

= dom(5i.)+ker(S'*), (2.9) 

in particular, 

ker(5K) = ker {{SKf'^) = ker(5*) = ran(5)-^. (2.10) 



We also note that 



Sfu^S*u, uedom(S'i.), (2.11) 
Sj^v = S*v, V G dom(5K). (2.12) 



^We are particularly indebted to Gerd Grubb for a clarification of the necessary and sufficient 
nature of the inequalities 1 12.611 (resp., 112. 131 1 ) for S to be a self-adjoint extension of S. 
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Here the operator inequahties in ()2.6p are understood in the sense of (|2.3p and 
they can equivalently be written as 

{Sf + aln)^^ ^ {S + alu) ^ ^ {Sk + o,Ih)^^ for some (and hence for all) a > 0. 

(2.13) 

For classical references on the subject of self-adjoint extensions of semibounded 
operators (not necessarily restricted to the Krein-von Neumann extension) we refer 
to Birman [TO], [U, Friedrichs [H], Freudenthal T^, Grubb [11, [50], Krein [S], 
Straus [34], and Visik [35] (see also the monographs by Akhiezer and Glazman [TJ 
Sect. 109], Faris [H Part III], Fukushima, Oshima, and Takeda [HI Sect. 3.3], and 
the recent book by Grubb ^ Sect. 13.2]). 

We will call the operator Sk the Krein-von Neumann extension of S. See |30j 
and also the discussion in [2] and |3]- It should be noted that the Krein-von 
Neumann extension was first considered by von Neumann 36i in 1929 in the case 
where S is strictly bounded from below, that is, if 5 > elu for some e > 0. (His 
construction appears in the proof of Theorem 42 on pages 102-103.) However, von 
Neumann did not isolate the extremal property of this extension as described in 
(|2.6p and (|2.13p . M. Krein [3D], [21] was the first to systematically treat the general 
case S >0 and to study all nonnegative self-adjoint extensions of S, illustrating the 
special role of the Friedrichs extension (i.e., the "hard" extension) Sp of S and the 
Krein-von Neumann (i.e., the "soft") extension Sk of S as extremal cases when 
considering all nonnegative extensions of S. For a recent exhaustive treatment of 
self-adjoint extensions of semibounded operators we refer to [l]-]^, [T^, [l^, [25] . 

For convenience of the reader we also mention the following intrinsic description 
of the Friedrichs extension Sf of 5 > {S densely defined and closed in %) due to 
Freudenthal [15], 

Sfu := S*u, 

u e dom(S'i?) :— {v e dom(S'*) | there exists {ujjjgN C dom(5), (2-14) 
with lim \\vj — v\\-h ~ and {{vj — Vk), S{vj — Vk))H — s> as j, fc — > oo}, 

and an intrinsic description of the Krein-von Neumann extension Sk of S* > due 
to Ando and Nishio ^, 

Sku := S*u, 

u e dom(5if) :— {w G dom(S'*) | there exists {wjjjeN C dom(5), (2-15) 
with lim \\Svj — S*v\\-h = and {{vj — Vk), S{vj — Vk))H as j,k ^ oo\. 

Throughout the rest of this paper we make the following assumptions: 

Hypothesis 2.2. Suppose that S is a densely defined, symmetric, closed operator 
with nonzero deficiency indices in % that satisfies 

S > el-H for some e > 0. (2.16) 

We recall that the reduced Krein-von Neumann operator Sk h^ the Hilbert space 

H (cf. 

n = [keT{S*)]^ = [In - Pker(s-)]H = [In - P^or(s^)]n = [ker(5^)]^, (2.17) 
is given by 

Sk ■ = SK\[kev{SK)]^ (2-18) 
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= Sk[Ih - fkcr(SK)] in 

= [In - P]icy:{SK)\^K[I-H ~ ^kcr(S/f)] %, 

where Pm denotes the orthogonal projection onto the subspace Ai C H, and we 
are aUuding to the orthogonal direct sum decomposition of Ti into 

n = Pkor(s^)?^ keiiSK) © [ker(5i^)]^. (2.20) 

We continue with the following elementary observation: 

Lemma 2.3. Assume Hypothesis \2.2\ and let v e dom(5i<-). Then the decomposi- 
tion, dom(S'x) = dom(5) +ker(S'*) (cf. (|2.8p ). leads to the following decomposition 
ofv, 

V = {Spy^SKV + w, where {SFy^SKV G dom(5) and w G ker(5*). (2.21) 
As a consequence, 

{SKy' = [In - Pkcr(s..)](^f - ^kcr(s,,)]- (2-22) 
Proof. Let v = u + w, with u G dom(S') and w G ker(5*). Then 
V — u + w — {Sf)^^ Spu + w ^ {Sf)^^Su + w 
= (Sf)^^ Sku + w = (Sf)^^ Sk{u + w) + w 

{SFy^SKV + w (2.23) 

proves ()2.2ip . Given v G dom(S'/f), one infers 

Skv - (Pkcr(SK) + Pn> = SkP^v, (2.24) 
since SKPkci-(SK) — 0- particular, 

Py^v G dom{SK) whenever i; G dom(S'if). (2.25) 
Applying P^ to (I2.21|) then yields 

Pf^V = Pf^iSF)-'SK[Pfl + Pkor(S^-)]v - P^{SF)-'SKPflV = (5^.) ^A'P^t' 

= P^iSFr^PflSKPjiV, V G dom(S'/f). (2.26) 

Thus, 

{SKy^SKP-qv) ^ P^{SF)-^P.H{SKP.fiv), vedomiSK). (2.27) 

Since ran {Sk) = "H, ([2:271) proves ([222]). □ 

We note that equation (|2.22p was proved by Krein in his seminal paper [30] (cf. 
the proof of Theorem 26 in [5D]). For a different proof of Krein's formula (|2.22p 
and its generalization to the case of non-negative operators, see also [321 Corollary 
5]. 

Next, we consider a self-adjoint operator 

T : dom(T) C H ^ T = T*, (2.28) 
which is bounded from below, that is, there exists a G M such that 

T>al-H- (2.29) 
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We denote by {Et{X)}\^r the family of strongly right-continuous spectral pro- 
jections of T, and introduce, as usual, ET{{a,b)) — Erib-) — Eria), Erib-) = 
s-limej^o Exib — e), —oo < a < b. In addition, we set 

/iTj := inf {A e R| dim(ran(£;T((-oo, A)))) > j}, jeN. (2.30) 

Then, for fixed fc G N, either: 

(i) fj,T,k is the fcth eigenvalue of T counting multiplicity below the bottom of the 

essential spectrum, (7css{T), of T, 

or 

(a) fJ-T,k is the bottom of the essential spectrum of T, 

HT,k - inf{A e M I A e aes«(T)}, (2.31) 

and in that case fiT,k+i — fJ'T,k, ^ £ N, and there are at most k — I eigenvalues 
(counting multiplicity) of T below /iT,fc- 
We now record the following basic result: 

Theorem 2.4. Assume Hypothesis \2.2[ Then, 

In particular, if the Friedrichs extension Sp of S has purely discrete spectrum, 
then, except possibly for A = 0, the Krein-von Neumann extension Sk of S also 
has purely discrete spectrum in (0,cxd), that is, 

acssiSp) = implies CToss(S'a')\{0} = 0- (2.33) 

In addition, let p G (0, oo) U {cxd}, then 

{Sp — zqI-h)^^ £ BpCH) for some zq G C\[e, oo) 

implies (Sk ~ zIuY^lIn - ^kcr(Sjc)] ^ for all z e C\[e, oo). 

In fact, the £P{N)-based trace ideals Bp{'H) ofB{'H) can be replaced by any two-sided 
symmetrically normed ideals ofB{'H). 

Proof. Denote by A4j subspaces of H of dimension j e N, and similarly, Adj 
subspaces of "H of dimension j e N. Then the inequalities (|2.32l) follow from 
Sp > £^H, (|2.22|) . and the minimax (better, maximin) theorem as follows: First we 
note that (cf., e.g., [21 Theorem 5.28], f26l, Sect. 32]) 

= sup min (u,{Spy^u)^, j G N. (2.35) 

ll"ll« = l 

As a consequence, 

^> mm {uASp)-'u) jGN, (2.36) 

for any subspace M.j of T-L of dimension j G N. In particular, 

> rnin [v,{Sp)~^v)^ 

IIHI^=i 

= min {v,P^{Sp)'^P^v)^, jgN, (2.37) 
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for any subspace Mj of H of dimension j G N. Thus, one concludes 
1 



> sup min (w,P^(S'f) ^P-fi^] 

t^SF,3 M,(1H veMj 



n 



= ^up min {y,[SK) v)^ 

11-11^=1 

= , jeN. (2.38) 

Next, let JiT-L) be a two-sided symmetrically normed ideal of B{'H). Temporarily, 
we will identify operators of the type P^TP^ in H tor T E B{H), with 2x2 block 
operators of the type 





P-fiTP^\^ 



in n = ikeT{SK)r © (2-39) 



By (|2.22p . and since is bounded, one concludes that {Sp) ^ G implies 

{Sk)-^ = n-lim,^o(5K - zln)-^[ln - ^kor(s.o] £ J{n). The (first) resolvent 
equation applied to Sp, and subsequently, applied to Sk, then proves p. 341) . □ 

We note that (|2.33p is a classical result of Krein ^30j , the more general fact (I2.32p 
has not been mentioned explicitly in Krein's paper |30j . although it immediately 
follows from the minimax principle and Krein's formula (|2.22p . On the other hand, 
in the special case def(5) < oo, Krein states an extension of p.32p in his Remark 
8.1 in the sense that he also considers self-adjoint extensions different from the 
Krein extension. Apparently, (|2.32p has first been proven by Alonso and Simon [5] 
by a somewhat different method. 

Concluding this section, we point out that a great variety of additional results 
for the Krein-von Neumann extension can be found in the very extensive list of 
references in [7], [8], and [25] . 



3. The Krein-von Neumann Extension and its Unitary Equivalence to 
AN Abstract Buckling Problem 

In this section we prove our principal result, the unitary equivalence of the inverse 
of the Krein-von Neumann extension (on the orthogonal complement of its kernel) 
of a densely defined, closed, operator S satisfying S > el-u for some e > 0, in a 
complex separable Hilbert space T-L to an abstract buckling problem operator. 

We start by introducing an abstract version of Proposition 1 in Grubb's paper 
[2 2) devoted to Krein-von Neumann extensions of even order elliptic differential 
operators on bounded domains: 

Lemma 3.1. Assume Hvvothesis 12.21 and let A ^ 0. Then there exists ^ v E 
dom(5i<:) with 

Skv = Au (3-1) 
if and only if there exists 7^ u G dom(S'*S') such that 

S*Su = XSu. (3.2) 
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In particular, the solutions v of (13. ip are in one-to-one correspondence with the 
solutions u of ()3.2|) given by the formulas 

u = {Sf)-^Skv, (3.3) 

V = \-^Su. (3.4) 

Of course, since Sk > 0, any X ^ in ()3.ip and ()3.2[) necessarily satisfies A > 0. 

Proof. Let Skv — Af , v G dom(S'x), A ^ 0, and u = u + w, with u e dom(S') and 
w e ker(S'*). Then, 

^ifti = Xv <:=> V — X^^Skv — X^^Sku — X^^Su. (3.5) 

Moreover, u = impHes v = and clearly v — implies u = w = 0, hence u if 
and only if u 7^ 0. In addition, u = {Sf)~^Skv by ((2?2T|) . Finally, 

Aw — Su ~ Xu Cz ker(S'*) implies 

= XS*w ~ S*(Su — Xu) — S* Su — XS*u — S*Su — XSu. 

Conversely, suppose u £ dom(S'*S') and S*Su — XSu, A 7^ 0. Introducing v — 
X~^Su, then v € dom(S'*) and 

S*v = X-^S*Su = Su = Xv. (3.7) 

Noticing that 

S*Su = XSu = XS*u implies S*{S - XIn)u = 0, (3.8) 
and hence {S — XI-u)u G ker(S'*), rewriting v as 

V = u + X-\S - XIh)u (3.9) 

then proves that also v £ dom{SK), using ()2.8p again. □ 



Due to Example 13.51 and Remark 13.61 at the end of this section, we will call the 
linear pencil eigenvalue problem S*Su = XSu in (|3.2p the abstract buckling problem 
associated with the Krein-von Neumann extension Sk of S. 

Next, we turn to a variational formulation of the correspondence between the 
inverse of the reduced Krein extension Sk and the abstract buckling problem in 
terms of appropriate sesquilinear forms by following the treatment of Kozlov [27|- 
[29] in the context of elliptic partial differential operators. This will then lead to an 
even stronger connection between the Krein-von Neumann extension Sk of S and 
the associated abstract buckling eigenvalue problem p.2p , culminating in a unitary 
equivalence result in Theorem 13.41 

Given the operator S, we introduce the following sesquilinear forms in T-L, 

a(u,v) — {Su, Sv)n, u, 1; e dom(a) = dom(S'), (3.10) 
b{u,v) = (u, Sv)-^, u, u e dom(6) = dom(S'). (3.11) 

Then S being densely defined and closed implies that the sesquilinear form a shares 
these properties and ()2.16p implies its boundedness from below, 

a{u,u) > s^\\u\\1^, uGdom(S'). (3.12) 

Thus, one can introduce the Hilbert space W = (dom(S'), (•, •)w) with associated 
scalar product 

{u,v)w — a{u,v) — {Su, Sv)y,, u,v£dom{S). (3.13) 
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In addition, we denote by tyv the continuous embedding operator of W into %, 

iW.W^n. (3.14) 

Hence we will use the notation 

{wi,W2)w — a{l'WWl,l-WW2) — {SLwWl,SbwW2)-H, Wl,W2eW, (3.15) 

in the following. 

Given the sesquilinear forms a and b and the Hilbert space W, we next define 
the operator T in W by 

{wi,Tw2)w ^ a{LwWi,LwTw2) = {Slw^i, SlwTw2)'h 

^ b{twWl,iw'W2) = {i-WWi,SlwW2)-H, Wi,W2&W- 

(In contrast to the informality of our introduction, we now explicitly write the 
embedding operator iyy.) One verifies that T is well-defined and that 

\{wi,Tw2)w\ < \\i^wwi\\'H\\SiwW2\\-H < e"^IK'i||w||w2||w, wi,w2 e W, (3.17) 
and hence that 

0<T^T* eB{W), \\T\\Biw)<£~'- (3.18) 
For reasons to become clear at the end of this section, we will call T the abstract 
buckling problem operator associated with the Krein-von Neumann extension Sk 
ofS. 

Next, recalling the notation V. = [kcr(S'*)]^ = [in - fkcr(5-)]'H (cf. (f2l7| ). we 
introduce the operator 

(3.19) 

and note that 

ran (5) = ran(5') = H, (3.20) 

since S > elu for some e > and S is closed in % (see, e.g., [37l Theorem 5.32]). 
In fact, one has the following result: 

Lemma 3.2. Assume Huvothesis YI. 21 Then S G B{W,T-L) maps W unitarily onto 
H. 

Proof. Clearly S is an isometry since 

= ||5'tww||^ = ||w||w, w e W. (3.21) 
Since ran [S] = H by ([3?20l) . S is unitary. □ 

Next we recall the definition of the reduced Krein-von Neumann operator Sk 
in n defined in (EH]), the fact that ker(S'*) = ker(S'K) by (ITTU)) . and state the 
following auxiliary result: 



Lemma 3.3. Assume Hypothesis \2.2[ Then the map 

[In - P^oriS')] ■■ domiS) dom (Sk) (3.22) 
is a bijection. In addition, we note that 

[I-H - PkciiS')]SKU = SK[ln - Pkcr(S')]u Sk[I-H " ^kcr(5*)]" 

= [in - Pkci-{S')]Su = SueH, u e dom(S'). 
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Proof. Let u G doni(S'), then ker(5*) = ker(S'K) implies that [I-h — ^kcr(s*)]w S 
doni(5i<-) and of course [I-h — -Pkcr(5*)]'^ G dom ("S'a')- To prove injectivity of the 
map (|3.22p it suffices to assume v G dom(S') and [I-h — -Pker(s*)]i' = 0. Then 
dom(S') ^ V = Pker(s*)W e ker(S'*) yields z; = as dom(S') n ker(5*) = {0}. To 
prove surjectivity of the map p.22p we suppose u G dom [Sk)- The decomposition, 
u — f + g with / G dom(S') and g G ker(S'*), then yields 

u=[ln- iicr(5-)] u=[ln- Pkcr(5*)] / G [^w - Pkcr(5*)] dom(5) (3.24) 

and hence proves surjectivity of p.22p . 
Equation p.23p is clear from 

Sk[I-H~ PkcriS')] = [l-H- Pkcr{S')]SK = [in - Pkcy:{S')] S K [in ^ Pkcr(S' )] ■ (3.25) 

□ 

Continuing, we briefly recall the polar decomposition of S, 

S = Us\S\, (3.26) 

with 

\S\ = {S*S)^/^ > ein, e > 0, Use B{H, H) is unitary. (3.27) 
At this point we are in position to state our principal unitary equivalence result: 

Theorem 3.4. Assume Hvpothesis \2. 2i Then the inverse of the reduced Krein-von 
Neumann extension Sk inT-L = [I-h — ^ker(S*)]^ o,nd the abstract buckling problem 
operator TinW are unitarily equivalent, in particular, 

{SKy' =ST{Sy\ (3.28) 

Moreover, one has 

{SKy' - Us[\S\-'S\S\~']{Us)-\ (3.29) 

where Us G B^Hjl-Cj is the unitary operator in the polar decomposition (|3.26p of S 
and the operator |S'|~^5'|S'|~^ G B{'H) is self-adjoint in TL. 

Proof. Let wi,W2 G W. Then, 

{wi,{S) ^{Sk) ^Sw2)^ = {Swi,{Sk) ^Sw2)^ 

^ ((Sk) ^Swi,Sw2)^ = {(Sk) ^ Siv\,wi,Sw2)^ 

= {{SKy\ln - Pk.r{S')\SiwWi,Sw2)^ by 

^ {{Sk) SK[ln- Pkcr(S')\''V\'Wi,Sw2)y^ again by ([3^ 

= {[in - -fkor(S*)]'^WWl,S'u'2)^ 

= {lwwi,SlvvW2)-^ 

= {wi,Tw2)y^ by definition of T in (pTB]) . (3.30) 
yields (|3.28p . In addition one verifies that 
(Swi, {Sk) ^Sw2)^ = {wi,Tw2)y^ 

= {t.WWl,StwW2)y^ 

= {\S\^^\S\LwWl,S\S\^^\S\LWW2)y^ 

= {\S\twwu[\S\-^S\Sr^]\S\iwW2)^ 
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= {{UsTSiwwi, [\S\-^S\S\-']iUsrSiww2)^ 
= {SlwWi,Us[\S\^'^S\S\^'^]{Us)*SlwW2)^ 
= {Swi,Us[\S\-^S\S\-^]{UsrSw2)^, (3.31) 
where we used |5| = {Us)*S. □ 

Equation (13. 29^ is of course motivated by rewriting the abstract linear pencil 
buckling eigenvalue problem (|3.2p . S*Su — XSu, A 0, in the form 

X-^S*Su = X-^{S*Sy/^[{S*Sy^^u] = S{S*S)-^/^[iS*Sy^^u] (3.32) 

and hence in the form of a standard eigenvalue problem 

IS'l-iS'lS'l-^w; = A-^u), A/0, w ^ \S\u. (3.33) 

We conclude this section with a concrete example discussed explicitly in Grubb 
[22] (see also [19]-[21] for necessary background) and make the explicit connec- 
tion with the buckling problem. It was this example which greatly motivated the 
abstract results in this note: 

Example 3.5. ([22].) Let U = L'^{Q.; (T'x), with Vt C M", n > 2, open and hounded, 
with a smooth boundary dfl, and consider the minimal operator realization S of the 
differential expression ^ in l?{^\d^x\ defined by 

Su = yu, (3.34) 

u e dom(5) = H^"'{n) ^{ve H^"'{n) | T^w = 0, < fc < 2m - l}, m G N, 

where 

y= J2 aa(-)£'", (3.35) 

0<\a\<2m 

= {-id/dxi)"' ■■■{-id/dxnT", a = (ai, . . . , a„) e NJf, (3.36) 
a„(-) e C°°(n), C°°(n) = f] C'^m, (3.37) 

and the coefficients are chosen such that S is symmetric in L'^ ; d"' x) , that 
is, the differential expression ^ is formally self-adjoint, 

(^u,'y)L2(E-;d"a;) = ('«,^w)L2(R„.rf„^), u,veC^{n), (3.38) 

and 5^ is strongly elliptic, that is, for some c > 0, 



(3.39) 



■ |a|=2m 



In addition, we assume that S > slL'^(^;d^x) for some £ > 0. The trace operators 
7fc are defined as follows: Consider 

with dn denoting the interior normal derivative. The map 7 then extends by conti- 
nuity to a hounded operator 

jk ■■ H%n) ^ H'-''-^^^^\dn), s>fc + (l/2), (3.41) 
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in addition, the map 

r 

7W = (7o,...,7.):i?^(f^)^n^'"'"^'^'^(^")' s>r+(l/2), (3.42) 
satisfies 

r 

ker (7('-)) = ran (7('')) = \{ H'-^-^^/^\dn). (3.43) 

k=0 

Then S* , the maximal operator realization of in L'^ {fl; d" x) , is given by 

S*u^^u, uedom{S*)^{veL^{n;d''x)\yveL^{n;d"x)}, (3.44) 
and Sp is characterized by 

SFU = .yu, uedomiSp) = {v e H^"\n)\jkv = 0,0 <k <m~l}. (3.45) 
The Krein-von Neumann extension Sk of S then has the domain 

Aoxn{SK) = Hl"\^) + kcr(5*), dim(ker(5*)) = oo, (3.46) 
and elements u £ dom(5i<-) satisfy the nonlocal boundary condition 

jNU - P^^^-fj^jDU = 0, (3.47) 

= (70M, ■ • ■ ,7m-iu), ^NU= {jmU,...,j2m-lu), u G doni(S'K), (3.48) 

where 

m— 1 2m— 1 

k—0 j—m ^ ' ^ 

continuously for all s G M; 
and denotes the inverse of the isomorphism 7^ given by 

m — 1 

7Z5 Z'^^W H'-^-^-^/^\d^), (3.50) 

A;=0 

= {m e H'^{il) I J/'u = Oin in the sense of distributions in I?'(r2)}, s G R. 

(3.51) 

Moreover one has 

(5) ^ = iw[lH - P-yDnNlD]{SK) \ (3.52) 

since [I-h — P-,D-7NlD]dora{SK) ^ doni(5) and S[I-h — P-yonNlD]v = Xv, v £ 
doni(S'/j-). 

As discussed in detail in Grubb |22| . 

(t.ss{Sk) = {0}, a{SK) n (0, w) = aA{SK) (3.53) 

and the nonzero {and hence discrete) eigenvalues of Sk satisfy a Weyl-type asymp- 
totics. The connection to a higher-order buckling eigenvalue problem established by 
Grubb then reads 

There exists 7^ w G Sk satisfying S^v = Xv in fl, A 7^ (3.54) 
if and only if 

there exists O^uE C°°(f7) such that = X^u m n, A ^ 0, ^^^^^^ 

1 IkU = 0, < A; < 2m — 1, 
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where the solutions v of p.54[) are in one-to-one correspondence with the solutions 
u of ()3.55p via 

u = Sp^,9'v, V = \-^,9'u. (3.56) 

Since Sf has purely discrete spectrum in Example 13.51 we note that Theorem 
12.41 applies in this case. 

Remark 3.6. In the particular case rn = 1 and ,5^ — —IS., the linear pencil eigenvalue 
problem (|3.55p (i.e., the concrete analog of the abstract buckling eigenvalue problem 
S*Su — XSu, A ^ 0, in (13. 2p ). then yields the buckling of a clamped plate problem, 

i-A)^u = A(-A)u in A ^ 0, It e H^i^), (3.57) 

as distributions in H^^{fl). Here we used the fact that for any nonempty bounded 
open set 17 C R", n € N, n > 2, (-A)'" e B{H^{n),H''~^"'{n)), A: e Z, m e N. In 
addition, if is a Lipschitz domain, then one has that — A : (SI) (fi) is an 

isomorphism and similarly, (— A)^: H^{^) — >■ H~~^{Vl) is an isomorphism. (For the 
natural norms on H^{Vl), fc G Z, see, e.g., p. 73-75].) We refer, for instance, to 
[9l Sect. 4.3B] for a derivation of (|3.57p from the fourth-order system of quasilinear 
von Karman partial differential equations. To be precise, (|3.57p should also be 
considered in the special case n = 2. 

Remark 3.7. We emphasize that the smoothness hypotheses on dVl can be relaxed 
in the special case of the second-order Schrodinger operator associated with the 
differential expression —A -I- V, where V € L°°(Sl;d"a;) is real- valued: Following 
the treatment of self-adjoint extensions of = (—A + V)\ci^{n) on quasi-convex 
domains fl first introduced in '18|, the case of the Krein-von Neumann extension 
Sk of S on such quasi-convex domains (which are close to minimally smooth) 
is treated in great detail in 8 . In particular, a Weyl-type asymptotics of the 
associated (nonzero) eigenvalues of Sk has been proven in [8^. In the higher-order 
smooth case described in Example 13.51 a Weyl-type asymptotics for the nonzero 
eigenvalues of Sk has been proven by Grubb [22 in 1983. 

Acknowledgments. We are indebted to Gerd Grubb, Konstantin Makarov, Mark 
Malamud, and Eduard Tsekanovskii for a critical reading of our manuscript, and 
for providing us with numerous additional insights into this circle of ideas. 

References 

[1] N. I. Akhiezer and I. M. Glazman, Theory of Linear Operators in Hilbert Space, Volume II, 
Pitman, Boston, 1981. 

[2] A. Alonso and B. Simon, The Birman- Krein- Vishik theory of selfadjoint extensions of semi- 
bounded operators, J. Operator Th. 4, 251-270 (1980); Addenda: 6, 407 (1981). 

[3] T. Ando and K. Nishio, Positive selfadjoint extensions of positive symmetric operators, To- 
hoku Math. J. (2), 22, 65-75 (1970). 

[4] Yu. M. Arlinskii and E. R. Tsekanovskii, On the theory of non-negative selfadjoint extensions 
of a non-negative symmetric operator. Rep. Nat. Acad. Sci. Ukraine 2002, no. 11, 30-37. 

[5] Yu. M. Arlinskii and E. R. Tsekanovskii, On von Neumann's problem in extension theory of 
nonnegative operators, Proc. Amer. Math. Soc. 131, 3143-3154 (2003). 

[6] Yu. M. ArUnskii and E. R. Tsekanovskii, The von Neumann problem for nonnegative sym- 
metric operators, Integr. Equ. Oper. Theory 51, 319—356 (2005). 

[7] Yu. Arlinskii and E. Tsekanovskii, M.Krem's research on semibounded operators, its con- 
temporary developments, and applications, in Modern Analysis and Applications. The Mark 
Krein Centenary Conference, Vol. 1, V. Adamyan, Y. M. Berezansky, I. Gohberg, M. L. Gor- 
bachuk, V. Gorbachuk, A. N. Kochubei, H. Langer, and G. Popov (eds.). Operator Theory: 
Advances and Applications, Vol. 190, Birkhauser, Basel, 2009, pp. 65-112. 



THE KREIN-VON NEUMANN EXTENSION 



15 



[8] M. S. Ashbaugh, F. Gcsztcsy, M. Mitrca, and G. Tcschl, Spectral theory for perturbed Krein 
Laplacians in nonsrnooth domains, preprint, arXiv:0907.1442, Adv. Math., to appear. 

[9] M. S. Berger, Nonlinearity and Functional Analysis, Pure and Appl. Math., Voh 74, Academic 
Press, New York, 1977. 

[10] M. Sh. Birman, On the theory of self-adjoint extensions of positive definite operators, Mat. 
Sbornik 38, 431-450 (1956). (Russian.) 

[11] M. Sh. Birman, Perturbations of the continuous spectrum of a singular elliptic operator by 
varying the boundary and the boundary conditions, Vestnik Leningrad Univ. 17, no. 1, 22-55 
(1962) (Russian); transl. in Spectral Theory of Differential Operators: M. Sh. Birman 80th 
Anniversary Collection, T. Suslina and D. Yafaev (eds.), AMS Translations, Ser. 2, Advances 
in the Mathematical Sciences, Vol. 225, Aincr. Math. Soc, Providence, RI, 2008, pp. 19-53. 

[12] V. A. Derkach and M. M. Malamud, Generalized resolvents and the boundary value problems 
for Hermitian operators with gaps, J. Punct. Anal. 95, 1-95 (1991). 

[13] V. A. Derkach and M. M. Malamud, The extension theory of Hermitian operators and the 
moment problem, J. Math. Sci. 73, 141-242 (1995). 

[14] W. G. Paris, Self-Adjoint Operators, Lecture Notes in Mathematics, Vol. 433, Springer, Berlin, 
1975. 

[15] H. Preudenthal, tfber die Priedrichsche Fortsetzung halbbeschrdnkter Hermitescher Opera- 
toren, Kon. Akad. Wetensch., Amsterdam, Proc. 39, 832-833 (1936). 

[16] K. Priedrichs, Spektraltheorie halbeschrdnkter Operatoren und Anwendung auf die Spektralz- 
erlegung von Differentialoperatoren I, II, Math. Ann. 109, 465—487, 685—713 (1934), corrs. 
in Math. Ann. 110, 777-779 (1935). 

[17] M. Fukushima, Y. Oshiina, and M. Takeda, Dirichlet Forms and Symmetric Markov Pro- 
cesses, de Gruyter, Berlin, 1994. 

[18] P. Gesztesy and M. Mitrea, Self-adjoint extensions of the Laplacian and Krein-type resolvent 
formulas in nonsmooth domains, preprint, 2009, arXiv:0907.1750. 

[19] G. Grubb, A characterization of the non-local boundary value problems associated with an 
elliptic operator, Ann. Scuola Norm. Sup. Pisa (3), 22, 425-513 (1968). 

[20] G. Grubb, Les problemes aux limites generaux d'un operateur elliptique, provenant de le 
theorie variationnelle. Bull. Sci. Math. (2), 94, 113-157 (1970). 

[21] G. Grubb, On coerciveness and semiboundedness of general boundary problems, Israel J. 
Math. 10, 32-95 (1971), 

[22] G. Grubb, Spectral asymptotics for the "soft" selfadjoint extension of a symmetric elliptic 

differential operator, J. Operator Th. 10, 9-20 (1983). 
[23] G. Grubb, Distributions and Operators, Graduate Texts in Mathematics, Vol. 252, Springer, 

New York, 2009. 

[21] S. J. Gustafson and I. M. Sigal, Mathematical Concepts of Quantum Mechanics, enlarged 

2nd printing. Springer, Berlin, 2006. 
[25] S. Hassi, M. Malamud, and H. de Snoo, On Krem's extension theory of nonnegative operators, 

Math. Naehr. 274-275, 40-73 (2004). 
[26] H. Heuser, Funktionalanalysis, Teubner, Stuttgart, 1986. 

[27] V. A. Kozlov, Estimation of the remainder in a formula for the asymptotic behavior of 
the spectrum of nonsemibounded elliptic systems, Vestnik Leningrad. Univ. Mat. Mekh. As- 
tronom. 1979, no 4., 112-113, 125 (Russian). 

[28] V. A. Kozlov, Estimates of the remainder in formulae for the asymptotic behavior of the 
spectrum for linear operator bundles, Punktsional. Anal, i Prilozhen 17, no. 2, 80-81 (1983). 
Engl, transl. in Punct. Anal. Appl. 17, no. 2, 147-149 (1983). 

[29] V. A. Kozlov, Remainder estimates in spectral asymptotic formulas for linear operator pen- 
cils. Linear and Nonlinear Partial Differential Equations. Spectral Asymptotic Behavior, pp. 
34—56, Probl. Mat. Anal. 9, Leningrad Univ., Leningrad, 1984; Engl, transl. in J. Sov. Math. 
35, 2180-2193 (1986). 

[30] M. G. Krein, The theory of self-adjoint extensions of semi-bounded Hermitian transforma- 
tions and its applications. I, Mat. Sbornik 20, 431-495 (1947). (Russian). 

[31] M. G. Krein, The theory of self-adjoint extensions of semi-bounded Hermitian transforma- 
tions and its applications. U, Mat. Sbornik 21, 365-404 (1947). (Russian). 

[32] M. M. Malamud, Certain classes of extensions of a lacunary Hermitian operator, Ukrainian 
Math. J. 44, No. 2, 190-204 (1992). 



16 M. S. ASHBAUGH, F. GESZTESY, M. MITREA, R. SHTERENBERG, AND G. TESCHL 



[33] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge Univer- 
sity Press, Cambridge, 2000. 

[34] A. V. Straus, On extensions of a semibounded operator, Sov. Math. Dokl. 14, 1075—1079 
(1973). 

[35] M. L. Visik, On general boundary problems for elliptic differential equations, Trudy Moskov. 
Mat. Obsc. 1, 187-246 (1952) (Russian); Engl, transl. in Amer. Math. Soc. Transl. (2), 24, 
107-172 (1963). 

[36] J. von Neumann, Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren, Math. 

Ann. 102, 49-131 (1929-30). 
[37] J. Weidmann, Linear Operators in Hilbert Spaces, Graduate Texts in Mathematics, Voh 68, 

Springer, New York, 1980. 

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA 

E-mail address: ashbaughmOmissouri . eduj 

URL: |http: // www. math. missouri . edu/p ersonnel/f aculty/ashbaughm. html] 

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA 

E-mail address: gesztesyfSmissouri.ediiJ 

URL: |http : //www . math . missouri . edu/personnel/f aculty/geszt esyf .htm l] 

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA 
E-mail address: mitream@missouri.edu 

URL: http: //www. math. missouri . edu/personnel/f aculty/mitream . html | 

Department of Mathematics, University of Alabama at Birmingham, Birmingham, AL 
35294, USA 

E-mail address: IshterenbSmath . nab . ediil 

Faculty of Mathematics, University of Vienna, Nordbergstrasse 15, 1090 Wien, Aus- 
tria, AND International Erwin Schrodinger Institute for Mathematical Physics, Boltz- 

MANNGASSE 9, 1090 WiEN, AUSTRIA 

E-mail address: Gerald. TeschlOunivie.ac.atJ 
URL: ,http: //www.mat .univie . ac . at/-gerald7] 



